
also apply for diffusion processes, and one can, in similar fashion, define a Fick's type medium with an in- 
finite mass propagation velocity and a Maxwellian medium with a finite mass propagation velocity. The re- 
salts obtained here are valid for mass-transfer processes in these materials. 

NOTATION 

k 0, equi l ibr ium the rma l  conductivity; P0, mass  densi ty,  Co, equi l ibr ium heat capaci ty of the mater ia l ;  
k~t), c(t), re laxat ion kerne ls  for  the heat flux and internal  energy;  a 0 = k0/P0C0, the rma l  diffusivity,  T, t em-  
pe ra tu re ;  L,  L - i ,  Laplace t r a n s f o r m  and inverse  Laplace t r a n s f o r m  opera to r s ;  p, Laplace t r a n s f o r m  var i -  
able; ki(t) = k(t)/k0, ci(t) = c(t)/c0P0, d imensionless  re laxat ion kerne ls  for  the heat flux and internal  energy;  
M, spatial  poir~t; J1, I1, f i r s t - o r d e r  Besse l  functions of the f i r s t  kind for  rea l  and imaginary  argument;  J0, I0, 
z e r o t h - o r d e r  Besse l  functions of the f i r s t  kind for  rea l  and imaginary  argumer~t; w, heat propagat ion veloci ty;  
i ,  imaginary  treat; Re,  rea l  pa r t  of a complex number  o r  function; or, index of inc rease  of the function ul; 6 (t), 
the Di rac  delta function; E (t), Heaviside unit step function. 
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T E M P E R A T U R E  D I S T R I B U T I O N  IN P L A T E S  AND I N F I N I T E  

P R I S M A T I C  B O D I E S  O F  C O M P L E X  C R O S S  S E C T I O N  F O R  A 

T I M E - V A R Y I N G  H E A T - T R A N S F E R  C O E F F I C I E N T  

A.  P .  S l e s a r e n k o  a n d  N.  F .  S h e m e t o v  UDC 536.21 

We presen t  a new method for  solving heat-conduct ion prob lems  with a t ime-va ry ing  h e a t - t r a n s -  
f e r  coefficient in domains of complex shape, and cite numer ica l  r e s e t s  for  two prob lems .  

Because  of mathemat ical  diff icult ies,  heat-conduct ion p rob lems  with a t ime-dependent  h ea t - t r an s f e r  
coefficier~t cannot be solved analyt ical ly in complex domains for  a given Bi(Fo),  even for  one-dimensional  
cases  [1]. 

We consider  the case when the calculat ion of the t em p e ra tu r e  distr ibution in plates  and infinite p r i s m a -  
t ic  bodies of complex c ros s  section reduces  to the solution of the heat-conduct ion p rob lem 
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TABLE 1. V a l u e s  of the  T e m p e r a t u r e  C a l c u l a t e d  by  V a r i o u s  M e t h -  
ods  

T (0) T (1) 
Fo 

1 2 3 1 2 3 

0,1 
0,2 
0,3 
0,4 
0,5 
0,6 
0,7 
0,8 
0,9 
1,0 
1,l 
1,2 
1,3 
1,4 
1,5 
1,6 
1,7 

Note.  T(0), t e m p e r a t u r e  
i t s  su r f ace  t e m p e r a t u r e .  

0,1574 
0,1816 
0,2156 
0,2538 
0,2944 
0,3366 
0,3800 
0,4245 
0,4695 
0,5150 
0,5604 
0,6056 
0,6502 
0,6938 
0,7362 
0,7771 
0,8162 

0,2748 
0,3256 
0,3599 
0,4063 
0,4439 
0,4948 
0,5238 
0,6061 
0,6461 
0,6933 
0,7422 
0,7701 
0,7947 
0,8201 

m 

m 

0,2854 
0,3326 
0,3666 
0,4122 
0,4482 
0,4987 
0,5266 
0,6075 
0,6461 
0,6933 
0,7422 
0,7701 
0,7947 
0,8201 

0,2954 
0,3587 
0,4104 
0,4592 
0,5072 
0,5553 
0,6031 
0,6504 
0,6968 
0,7420 
0,7855 
0,8272 
0,8666 
0,9037 
0,9383 
0,9702 
0,9997 

0,4577 
0,5228 
0,5671 
0,6179 
0,6510 
0,7088 
0,7510 
0,8082 
0,8462 
0,8864 
0,9224 
0,9556 
0,9803 
O,9998 

0,4823 
0,5358 
0,5781 
0,6275 
0,6693 
0,7158 
0,7551 
0,8123 
0,8487 
0,8864 
0,9224 
0,9556 
0,9803 
0,9998 

at the c e n t e r  of  an infinite pla te ;  and T(1), 

OT (x, y, Fo) _ AT (x, y, F o ) +  F(x, y, Fo), (1) 
0 Fo 

I OT(x, 9, Fo) I s ~ =  Ov ~- Bim (Fo) T (x, y, Fo) gim (Fo) T a (Fo), (2) 

T (x, y, 0 ) =  q~ (x, 9) (3) 

f o r  any given Bi = Bi(Fo) and T a = T a (Fo), whe re  S = 1~ Sm is  the su r f ace  of the infinite p r i s m a t i c  body; 
rn= l  

T = T* /Tae  and Ta0 = 1~ 

Employ ing  a v e r y  s imple  impl ic i t  d i f fe rence  s c h e m e  [2] in t ime  with a step A F o ,  we obta in  a sequence  
of  s t e a d y - s t a t e  hea t - conduc t ion  p r o b l e m s  fo r  each  l a y e r :  ~ 

1 1 
Arh - -  Th = - -  T h - a  - -  F~,  (4)  

AFo AFo 

(5) 

w h e r e  Tk(x , y) = T(x, y,  Fok);  B imk = Bim(Fok) .  

We wr i te  the  s t r u c t u r e s  of  the  solut ion of  p r o b l e m  (4), (5) f o r  each  l a y e r  in the f o r m  [3 ,  4] 

w h e r e  

~ 9  eCh)'Z(k~ (6)  Tk (x, y) = Tak @ uk = Tak@ . ~  -ii .~ii , 
5,1 

~i Ox Ox Og O~ 

r n= l  r n= l  

v is the outward normal to surface S. 
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TABLE 2. Approximate and Exact Solutions 

Fo 

0,001 
0,011 
0,021 
0,031 
0,041 
0,051 

T(0; 0) ] r ( l ;  o) 

3,265 3,311 2,505 2,520 
3,429 3,478 2,559 2,581 
3,616 3,670 2,618 2,642 
3,830 3,891 2,684 2,709 
4,078 4,t45 2,756 2,783 
4,362 4,438 2,836 2,865 

T(0; O) [ T(1; O) 

Fo I Te---xact ~a~rox.]  T exac--t l-Ta~pprox. 

0,061 
0,071 
0,081 
0,091 
0,096 

4,692 
5,074 
5,517 
6,034 
6,324 

4,778 
5,I71 
5,629 
6, !62 
6,462 

2,925 
3,022 
3., 130 
3,249 
3,313 

2,957 
3,056 
3,167 
3,289 
3,355 

We o b t a i n  t h e  f o l l o w i n g  p r o b l e m s  f o r  t he  f u n c t i o n s  Uk: 

Auh 1 1 1 . 
- -  - uh ----- - -  Tak - -  - -  Th-1 - -  Fh = - -  Fk, (7) 

h Fo h Fo h Fo 

[ Ou~ Bimhuk I = 
& + s~ 0. (8) 

W e  f ind  t h e  c o e f f i c i e n t s  Ci j  (k) f r o m  the  eondiLion  f o r  the  m i n i m u m  of  the  f u n c t i o n a l  

I (uh) = . (grad uh) z q- ~ .,=, s~  

F o r  an  i n f i n i t e  p l a t e  - ~ < z < ~;  - ~  < y < ~ ;  - 1 - - -  x - <  1 we o b t a i n  f r o m  (6) 

dCI)i do) 
X~ ~) = (I) i - -  co - -  -~- co Bi (Fob) CI)i; 

dx dx 

1 (I)i = X 2 i - 2 ,  i = 1 ,  - o - ,  n; c])0h'= T a (F%); co = - - ( 1  - -x2 ) .  
2 

T h e  v a l u e s  of  the  t e m p e r a t u r e  f o r  B i  = 0.5 exp  (Fo ) ,  Ta  = 1 + 0 . 0 7 5 F o ,  and  ~0 = 0.15 c a l c u l a t e d  on  a 

B I ~ S M - 6  c o m p u t e r  b y  the  p r o p o s e d  m e t h o d  g w o  c o o r d i n a t e  f u n c t i o n s ) ,  b y  the  m e t h o d  of  e l e m e n t a r y  b a l a n c e s  
[5], a n d  b y  u s i n g  d a t a  in  [6] a r e  l i s t e d  in  c o l u m n s  o n e ,  t w o ,  and  t h r e e  r e s p e c t i v e l y  in  T a b l e  1. 

To 'test the efficiency of the proposed approach to the solution for small values of Fo (initial period) we 

consider problem (I)-(3) for a rectangular prism- 1 s x -< i; - 1 --< y -< I; - ~o < z < co for q) = 1 + (I + fi) (i + 

f2): 

Bi = exp(10Fo);  T a = 1 + 0.075Fo; F = ezp(IOFo)(1 § 10f2)x 

• [1 q- fl exp (10 Fo)] -k exp (10 Fo) (1 - )  10/~)[1 q- f= exp (10Fo)] q- 0.075. 

It is easy to verify that in this case the exact solution of problem (i)-(3) is 

T (x, y, Fo) = T a (Fo) + [1 + flexp (10 Fo)] [1 + [z exp (10 Fo)], 

w h e r e  fl  = 0.5(1 - x 2 ) ;  f2 = 0.5(1 _ y 2 ) .  

In  t h i s  c a s e  in  t h e  s t r u c t u r e s  of  s o l u t i o n  (6) 

( Oco OPt Oco OPs ) Tak = T a (Fob), X}~ ) = { 1 + co [[2 exp (10 Fob) q- f, exp (10 Fo~)] (f, ~-/~)-~} p,pj  _ co p~ q_ . . . .  p, , 
Ox Ox @ Og 

(9) 

w h e r e  P i ( x )  a n d  P j ( y )  a r e  C h e b y s h e v  p o l y n o m i a l s ,  and  co = ft + f2 - v / ~ t  2 + f~. 

T a b l e  2 l i s t s  t h e  v a l u e s  of  T a p p r o x  c a l c u l a t e d  f r o m  E q s .  (6) ( f i f t een  c o o r d i n a t e  f u n c t i o n s )  and  the e x a c t  
v a l u e s  T e x a e  t (9) f o r  0 .001 -< F o  < 0.1. 

W h e n  e m p l o y i n g  the  p r o p o s e d  m e t h o d  i t  i s  s u f f i c i e n t  to  c o n s t r u c t  t h e  f u n c t i o n  co f o r  p l a t e s  and  i n f i n i t e  
p r i s m a t i c  b o d i e s  of  c o m p l e x  c r o s s  s e c t i o n  b y  u s i n g  the r e c o m m e n d a t i o n s  in  [7]. 

A c o m p a r i s o n  of  a t e s t  e x a m p l e  f o r  a s q u a r e  p r i s m  w i t h  t h e  e x a c t  s o l u t i o n  (9) i s  of  i n d e p e n d e n t  i n t e r e s t  
a l s o  f o r  n u m e r i c a l  m e t h o d s "  B i ( F o )  in  t h e  i n i t i a l  p e r i o d  (0 < F o  < 0.1).  
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N O T A T I O N  

T, t e m p e r a t u r e  of pla te  o r  infinite p r i s m a t i c  body; Bi, Blot number ;  T a , ambient  t empera tu re ;  F = W/ 
k ; W, speci f ic  s t rength  of ene rgy  sources ;  k ,  t he rma l  conductivity. 
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M A I N  T Y P E S  O F  C O N J U G A T E  P R O B L E M S  

I N  H E A T  A N D  M A S S  E X C H A N G E *  

N.  I .  N i k i t e n k o  UDC 536.24.02 

The development  of opt imal  technological  p r o c e s s e s  and appa ra tu se s  fo r  heat and m a s s  exchange is 
placing m o r e  and m o r e  s e v e r e  r e q u i r e m e n t s  on the sui tabi l i ty  of ma thema t i ca l  mode ls  and the accu rac y  of 
t he i r  mechanizat ion.  Of g rea t  i n t e re s t  in this  connection is  the solution of p r o b l e m s  in heat  and m a s s  ex-  
change in the conjugate formula t ion ,  which makes  it poss ib le  to take account m o r e  fully of the in te r re la t ion  
between the t r a n s f e r  p r o c e s s e s  taking p lace  in the bodies  which a re  in contact.  In th is  case  the descr ip t ion  
of 'the t r a n s f e r  p r o c e s s e s  at the in te r face  between the phases  makes  use of boundary conditions of the fourth 
kind, which a r e  different ial  equations that  a r i s e  out of the laws of conserva t ion  of the re levant  ent i t ies  being 

t r a n s f e r r e d - e n e r g y ,  m a s s ,  m o m e n t u m ,  etc.  

Although boundary conditions of the four th  kind have been used for  a fa i r ly  long t ime  [1], the solution 
of p r o b l e m s  in heat  and m a s s  exchange in the conjugate formula t ion  was long r e s t r i c t e d  by the inadequate 
level  of development  of the analyt ic  and numer i ca l  methods  of solution. The number  of published works  de-  
voted to the solution of conjugate p r o b l e m s  (CP) in heat  and m a s s  exchange began to inc rease  rapidly  a f te r  
the appea rance  of the works  of Lykov and P e r e l ' m a n  [2, 3], which were  the f i r s t  to fo rmula te  an external  CP 
in heat  exchange and show the des i rab i l i ty  of such a formulat ion.  The rapid  sp read  of invest igat ions re la ted  
to conjugate hea t -  and m a s s - e x c l m a g e  p r o b l e m s  was g rea t ly  faci l i ta ted by the development  of numer i ca l  m e t h -  

ods  of solution designed fo r  use with compute r s .  

The p lace  occupied by CP in the theory  of heat  and m a s s  exchange is  s i m i l a r  in many  ways to the pos i -  
t ion occupied by b ounda ry - l aye r  theory ,  ideal- l iquid theory ,  mechan ics  of v iscous  continuous media ,  o r  

* The a r t i c l e  gives  the substance  of the r e p o r t  de l ivered  at a meet ing of the "Calculation Methods for  P r o -  
c e s s e s  of Heat  T r a n s f e r  and P h y s i c o c h e m i c a I T r a n s f o r m a t i o n s  i n H i g h - T e m p e r a t u r e  Mate r i a l s "  sect ion of the 
State Science and Technology C o m m i s s i o n ' s  Scientific Council on the P r o b l e m  of "Mass  and Heat  T r a n s f e r  in 

Technological  P r o c e s s e s "  in Minsk,  October ,  1981. 
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